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Existential, 2D Dominance
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NB: Predecessor search useful in all orthogonal range queries

general universe — rank space

Predecessor Search

[van Emde Boas FOCS’75]
Preprocess S c {1, ..., u} in space O(n)
Answer predecessor queries in O(lglg u)

Predecessor Search

[van Emde Boas FOCS’75]
Preprocess S c {1, ..., u}in space O(n)
Answer predecessor queries in O(Iglg u)
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Predecessor Search

pred(x, S): if [x/vu| € hash table,
return pred(x mod vu, bottom structure)
else return pred(|x/vu], top structure)

t(u)=1+t(vu)

Predecessor Search

Every point € O(lglg u) structures
= space S(n) = O(n Iglg u)

'RX: Yy St(lgu)=1+t(%Igu) Qb2 vy
AN = t(u) = O(lglg u) AN
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0 vu 0 vu 0 vu 0 vu 0 vu 0 vu
+—Hot+—t—tet—> tot—tetot—+—+> +—tot+++ +—Hot+—t—tet—> tot—tetot—+—+> +—tot—+—++
Predecessor Search Recap

Every point € O(lglg u) structures
= space S(n) = O(n Iglg u)

Bucketing:

Predecessor search:
space: (n/b)lglgu time: O(Iglg u)

{X6) X1 X, wve) Xy Xps1s Xps2s ++s Koty Xoos1s - }
Ty,

if predecessor=x,, finish off with
binary search among {Xo, X;,-.., Xp.1}

Set b=lglg u

Existential, 2D dominance .
Space: O(n) P
Query time:O(Iglg u)
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Adding Sides

Theorem: k-sided queries in space S(n), time t(n)
= (k+1)-sided queries in space S(n Ig n), time t(n)+O(Iglg u)

Adding Sides

2-sided = 3-sided =  4-sided
Space 0o(n) O(nlgn) O(nlg2n)
Time O(lglgu) O(lglg u) O(lglgu)
Adding Sides Adding Sides
T - dominance dominance
I
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Adding Sides

dominance
o b datastructures

Adding Sides

Adding Sides

° two dominance
° .
queries!
L]

Adding Sides

1streduce to rank space
= tree has height O(Ig n)
= each point appears in O(Ig n) structures
= space < S(n Ig n)

time < 2:t(n) + predecessor-search




17-08-2010

2-sided = 3-sided =  4-sided

Time O(lglgu) O(lglg u) O(lglgu)
Space O(n) Olnlgn)” Ofntg?n]
O(n) O(nlgn)

3-sided queries

Range minimum query (RMQ): duenviniEnkspace

Preprocess an array A[1..n]in O(n) space
Given [i,j], find min {A[i], A[i+1], ..., A[j]1}in O(1) time
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Allyou need is the min!
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3-sided queries
Bonus: 3-sided reporting in space O(n), time O(Iglg u + k)

If min fits in range:
* reportit
* recurse left

* recurse right
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RMQ in O(n) space, O(1) time

Easy: RMQin O(n Ig n) space, O(1) time

Dominance RMQ trivial in O(n) space:
store B[1..n], B[k]=min{A[1], A[2], ..., A[Kk] }

Reduce space: bucket O(lg n) elements
[Space (n/lgn) - 1g n=0(n) J
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Cartesian tree

[sls[al7]e]2]6]

RMQ < lowest common ancestor in Cartesian tree

Storing Cartesian tree on k nodes
= storing 2k balanced parentheses < 2kbits

So buckets of €:Ig n elements can be described with 2&-Ig n bits
= tabulate all answers in O(n2¢Ig2n) space!

g

rank space rank space

3-sided =  4-sided
Space: O(n) O(nlgn)
Time:  0O(1) O(lglgn)

Afternoon: Q(Iglg n) needed,
even in rank space!

g

rank space rank space [Alstrup, Brodal,

3-sided => 4-sided Rauhe FOCS’00]
Space: O(n) O(nlgn) O(nlgen) O(n Iglg n)
Time:  0O(1) O(lglgn) O(lglgn) O(lg2lg n)

Afternoon: Q(Iglg n) needed,
evenin rank space!

O(nlglg n) space, O(Ig?lg n) query
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O(nlglg n) space, O(lg?lg n) query

n

vnign

:e

O(nlglg n) space, O(lg?lg n) query

n

Qi

g
[ ]
aaE

o | =[]

. 0 Vn/lg n
vnlgn
N m = 0(n/\g n) points
0 % n Use space O(m Ig m)
/)"o time O(Iglg m)

O(nlglg n) space, O(lg%lg n) query

.
o= = 3-sided queries
° . inside row or column!

n

vnign

:e

O(nlglg n) space, O(Ig?lg n) query

n ===

° Store 3-sided structure
= for each row/column:

* linear space
* O(lglg n) query time
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O(nlglg n) space, O(lg?lg n) query

n

Good query:

* O(n) space
* O(lglg n) time

vnign

:e

O(nlglg n) space, O(lg?lg n) query

.
)
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n

.
vnign

:e

O(nlglg n) space, O(lg%lg n) query

n ===

Recurse inside each
row & column

Depth: O(lglg n)

vnign

O(nlglg n) space, O(Ig%lg n) query

n ===

Recurse inside each
row & column

Time: O(lglg n) to map

- " i global rank space
o ° - row rank space
vnlgn .
Lo 2 x O(lglg n) levels
0 S n | =0(lg%lg n) overall
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O(nlglg n) space, O(lg?lg n) query
" T o [ Space: \

O(nlglg n) space, O(lg?lg n) query
o [ Space: \

. *level 1 > n points . *level 1 > n points
hd . *level 2 > 2n points hd . *level 2 > 2n points
i . B 1 * lIglgn > nlgn points i i o . 1 * lglgn > nlgn points
.’ ° o’ BUT:a “word” is
vnlgn ., O(n Ig n) overall ? nien *level 1 > Ig n bits
e _ *level 2 > % Ig n bits
0 12 0 12
78> g 78> " | «level 3> %Ilgnbits
O(nlglg n) space, O(lg?lg n) query Recap
([ Space: \ . D
*level 1> n points ‘R . : .
*level 2 5 2n points ° °
, . rank space rank space Alstrup, Brodal,
Space / level: O(n) * lglgn > nlgn points 3-sided =  4-sided Rauhe FOCS’00]
Total space: O(n lglg n) BUT:a “word” is Space:  O(n) O(nlgn) O(nlgen) O(n Iglg n)
«level 1> Ign bits Time:  O(1) O(lglgn) O(lglgn) O(lg?lg n)

level 2 > % Ign bits
*level 3 > % Ig n bits
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O(nlglg n) space, Oflg?lgn) query

n

vnign

O(lglg n)

N

Recurse inside each
row & column

Time: O(Iglg n) to map

global rank space
= row rank space

x O(lglg n) levels

n \ =0(lg?lgn) overall

Olnlglgn) space, O(lgitgn) query

O(nlgen)

n ===

vnign

O(lglg n)

Recurse inside each
row & column

Time: O(lglg n) to map

global rank space
- row rank space

Oncein e-lglg n levels
= (1/€) Iglg n time

O(nlgtn) space, O(lglg n) query

n

vnign

N

/-Ievel 1-> n points \

*level 2 > 2n points
« €lglgn > nlgén points
Coordinates are:

*level 1 > Ign bits
*level 2 > Ig n bits

« elglgn > Igten bits

O(nlgen) space, O(lglg n) query

/Space:
| elevell >n

i elevel 2 >2n
* (elglgn)-1 >nlgen
[ (elglgn) >n
"“\Total space: O(n Igtn)

*level 1 > n points

*level 2 5 2n points
* €lglgn > nlgén points
Coordinates are:

*level 1 > Ig n bits
*level 2 > Ig n bits

* glglgn > Igtn bits

10
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Life outside rank space

Yn Which column to
o .
- recurse in?
R Predecessor search?
.
o
o . o
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Youni—
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0 Xun Xovn Xn

[ i! E Grid not uniformly spaced! ]

1D Range Reporting
[Alstrup, Brodal, Rauhe STOC’01]
Range reporting in 1D with O(n) space, O(1) time

» dominance 1D reporting: store minimum ©
* dominance - general: O(n Ig u) space

e @
++ t

sT€

* 0O(n) space with hashing idea

Life outside rank space

Ya

- ° Store points sorted by x
‘. + pointer to column

° 1D range reporting
% °.° = find point in x-range

Yaunr— = know the column

o :.) .
.
Yn .
o
0 Xun  Xovn Xn

[ i! E Grid not uniformly spaced! ]

Alstrup, Brodal,
Rauhe FOCS’00] We think we can do

Space: O(nlgen) O(n Iglg n) O(nlglg n)
Time: O(lglgn) O(lg2lg n) O(lglgn)
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